, q > 0 is studied. The set of stationary states is characterized, their instability is analyzed, and the large time behavior of positive solutions is discussed.
Introduction. In this paper, we consider the following initial-boundary value problem:
u t = u xx + εu p 0 < x < 1, t > 0, u x (0, t) = 0, u x (1, t) = −u −q (1, t) t > 0, u(x, 0) = u 0 (x) 0 ≤ x ≤ 1.
(1.1)
Here ε, p, q > 0 and u 0 (x) is a positive function with u 0 (0) = 0, u 0 (1) = −u −q 0 (1). Problem (1.1) is a one-dimensional radially symmetric case for a model dealt with in [2] . Physically, (1.1) can be treated as a heat conduction model that incorporates the effects of reaction and nonlinear outflux. Mathematically, (1.1) is a combination of the following two problems:
and u t = u xx 0 < x < 1, t > 0, u x (0, t) = 0, u x (1, t) = −u −q (1, t) t > 0, u(x, 0) = u 0 (x) 0 ≤ x ≤ 1. Problems (1.2) and (1.3) have been intensively studied over the past few years. For details, see [1, 3, 4, 6] and the references cited therein.
In [2] , we established criteria for finite time blow-up and quenching (the solution reaching zero), discussed blow-up and quenching sets, and obtained blow-up and quenching rates. In contrast to the results in [2] , our main objectives here are to characterize the set of stationary states of (1.1), to present the instability property of these states, and to investigate the large time behavior of solutions of (1.1).
Stationary solutions.
In this section, we study positive stationary solutions of problem (1.1), which satisfy the following nonlinear boundary value problem:
First, we note that because v (x) < 0 in (0, 1) and
In particular, we have 
On the other hand, in view of the boundary condition v (1) = −v −q (1), (2.2) gives the following relation:
or equivalently,
A combination of (2.5) and (2.6) then leads to
where γ = (p − 1)/(p + 2q + 1) and
. By virtue of (2.6), there exists a one-to-one correspondence between M and θ, and thus by (2.3) we conclude that the number of solutions of (2.1) is the same as that of (2.7). Therefore, in order to characterize the set of stationary solutions, we should focus our attention on (2.7). For convenience, let
and
We then present the following two lemmas for G (θ).
Proof. Through a straightforward calculation, we find
Proof. Let α = p + 2q + 1, β = p + 1, and η = p − 1. Then α, β, η > 0 and H(θ) in (2.8) takes the form
It follows from (2.9) that H(θ) > 0 for 0 < θ ≤ β/α, while for β/α < θ < 1, H(θ) has the same number of zeros as that of the function A(θ), given by
Differentiation of (2.10) gives
where
and hence A (θ) < 0 in ( β/α, 1), which implies that G (θ) has at most one zero in (0, 1). Since lim
, it is easily seen that A (θ 0 ) = 0 and A (θ 0 ) > 0. Thus A(θ) attains its minimum at θ 0 , which again implies that G (θ) has exactly one zero in (0, 1).
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From the above monotonicity properties and the behavior of G(θ) near the two endpoints, we obtain the following result.
For p > 1 and 0 < ε < ε 0 , let v 1 (x) and v 2 (x) denote the stationary solutions with µ 1 and µ 2 (µ 1 < µ 2 ), respectively. We present the following result, which contrasts sharply with that in [5] . 
Since µ 1 < µ 2 , θ 1 > θ 2 , and thus it follows from (2.11) that M
On the other hand, by (2.6) and the transformation µ = (1 − θ 2 ) 1/(p+1) , we find m = p + 1 2ε
which shows m 1 < m 2 .
Instability and large time behavior.
In this section, we first establish the instability result. Without making any confusion, sometimes we shall write the solution of (1.1) as u(x, t, ε) or u(x, t; u 0 ) with u 0 being the initial datum.
We begin by formulating the precise notion of stability.
Definition. A stationary solution, v(x), of (1.1) is stable if for any given ρ > 0 there exists a σ > 0 such that if u(x, t) is a positive solution of (1.1) with |u(x, 0) − v(x)| < σ on [0, 1], then u(·, t) − v(·) ∞ < ρ for all t ≥ 0, and lim t→∞ u(x, t) = v(x) for each
Theorem 3.1. Every stationary solution of (1.1) is unstable.
Proof. Let µ(ε) = v(1, ε)/v(0, ε).
We consider two cases. Case 1. µ (ε) > 0. This case corresponds to p > 1 and θ >θ, i.e., µ(ε) = µ 1 (ε), wherê θ is the critical point of G(θ) in Lemma 2.2. Making use of (2.4), we have
For 0 < ε 1 < ε 2 < ε 0 , we then find u(x, t, ε 2 ) be a solution of (1.1) with u 0 (x) = v 1 (x, ε 1 ). Then in (0, 1), we find that
Hence u t ≥ 0 for t > 0. Consequently, u(x, t, ε 2 ) is increasing in t, which indicates that v 1 (x, ε 2 ) is unstable. Similarly, it can be shown that with ε 1 > ε 2 , v 1 (x, ε 2 ) is unstable. Case 2. µ (ε) < 0. This case corresponds to 0 < p ≤ 1 or p > 1 and θ <θ, i.e.,
Finally, we note that in a similar manner, we can show that for p > 1, v(x, ε 0 ) is also unstable.
To discuss the large time behavior of solutions of (1.1), we need the following two lemmas, whose proofs are identical to those in [2] and hence are omitted. We are now in a position to establish the following result. 
, u quenches in finite time, while u is global and lim 
By Lemma 3.3, u(x, t; u 0 ) quenches in finite time, and so does u(x, t; u 0 ). (b) We can argue in a similar manner, and hence the proof is omitted.
Remark 1. If 0 < p ≤ 1, for any initial data u 0 (x), by comparison, the solution cannot blow up in finite time. If p > 1, when 0 < u 0 (x) < 1, the solution should quench as q increases beyond some critical value. The reason for this is that in view of (2.12), as q increases, problem (1.1) will have a stationary solution v(x) ≥ u 0 (x). However, the situation could just as reasonably go the other way if u 0 (x) is very large at x = 1. In such case, for any q > 0, problem (1.1) is initially close to problem (1.2), and finite time blow-up is to be expected. = −(q + 1), and this allows a weak formulation of the problem that makes sense even if a solution vanishes, a natural question arises: Is it possible to extend solutions beyond quenching? It appears that the same thing occurs with the porous medium equation, wherein the solution u is nondifferentiable whenever it vanishes, yet u m is differentiable. Subsequently, solutions develop sharp interfaces between where they vanish and where they are positive.
Once it is possible to extend solutions beyond quenching, one could also ask whether a solution would possibly blow up in finite time even after quenching has occurred. Such questions obviously deserve our future consideration.
